Abstract: Although the Higgs boson has been discovered, its self couplings are poorly constrained. It leaves the nature of the Higgs boson undetermined. Motivated by different Higgs potential scenarios other than the Landau-Ginzburg type in the standard model (SM), we systematically organize various new physics scenarios -elementary Higgs, NambuGoldstone Higgs, Coleman-Weinberg Higgs, and Tadpole-induced Higgs, etc. We find that double-Higgs production at the 27 TeV high energy LHC (HE-LHC) can be used to discriminate different Higgs potential scenarios, while it is necessary to use triple-Higgs production at the 100 TeV collider to fully determine the shape of the Higgs potential.
In general, the Higgs potential could be organized according to their analytic structure. The key structure of the Higgs potential in each scenario is as follows where f denotes the decay constant of the NG Higgs boson, and µ denotes the renormalization scale in case EWSB is triggered by radiative corrections, m 2 , λ, c 6 , Λ, a, b, , κ are dimensionful or dimensionless parameters in each new physics scenario. The shapes of Higgs potential are schematically illustrated in Fig. 1 , respectively. In both the elementary and Nambu-Goldstone Higgs cases, the Higgs potential could be expanded in power of H † H, which could recover the Landau-Ginzburg effective theory description if a truncation on the series is a good approximation. In these two scenarios, the decoupling limit corresponds to the case when the new physics is much higher than the EW scale. However, there is no such simple power expansion in the scenarios of Coleman-Weinberg Higgs and Tadpoleinduced Higgs. In all the above cases, the Higgs trilinear and quartic couplings could be quite different from the SM values. All the scenarios above can be described in the effective field theory (EFT) framework. One of the most popular EFT frameworks is the SMEFT [20] [21] [22] , which assumes new physics decouple at high scale, and EW symmetry is in the unbroken phase. The SMEFT up to dimensional-six operators is only suitable to describe the elementary Higgs scenarios, and the Nambu-Goldstone Higgs if the Higgs non-linearity effect is negligible [23] . On the other hand, Coleman-Weinberg Higgs and Tadpole-induced Higgs cannot be described within the SMEFT. To unify all four scenarios in one framework, we utilize the EFT framework in the broken phase of EW symmetry, the Higgs EFT [24] [25] [26] [27] [28] [29] [30] . Framed in the Higgs EFT, we summarize the general Higgs effective couplings in various scenarios, and parametrize the scaling behavior for the multi-Higgs production cross sections at various high energy hadron colliders.
We investigate different scenarios using the double-Higgs and triple-Higgs production at the high luminosity LHC (HL-LHC), high energy LHC (HE-LHC), and 100 TeV hadron collider (FCC-hh). We compute cross sections, distributions, and discuss interesting interference effects. Some of these scenarios, the SM-Higgs, CW-Higgs, and Tadpole-induced Higgs scenarios have very different trilinear Higgs coupling. In these scenarios total cross sections are quite different. We find that different scenarios of Higgs potential can be distinguished via measuring double-Higgs production at HE-LHC and FCC-hh. We also consider the possibility of measuring the trilinear Higgs coupling, assuming certain accuracy for the measured cross section. In some of the scenarios, it is possible to measure the trilinear Higgs coupling quite precisely. The role of triple-Higgs production is to determine the shape of the Higgs potential by measuring quartic Higgs coupling. It would not be easy to observe this process even at FCC-hh. We determine the required luminosity, assuming the triple-Higgs production can be measured to certain accuracy at the FCC-hh, in order to measure the strength of the quartic Higgs coupling and the shape of Higgs potential.
The paper is organized as follows. In sections 2 and 3, we lay out the general framework of Higgs effective couplings and discuss various NP scenarios that could yield a different Higgs potential from the SM. In section 4, we consider theoretical constraints on the strength of Higgs boson self couplings, including tree-level partial wave unitarity and vacuum stability. In section 5, we consider the process pp → hh for its potential to discriminate various Higgs potential scenarios. In section 6, we examine the usefulness of the process pp → hhh to fully pin down the quartic Higgs coupling. In the last section, we conclude.
Higgs EFT Framework
In the EFT framework, new physics effect in the Higgs sector could be described using Higgs EFT and SMEFT in the broken and unbroken phase of electroweak symmetry, respectively. Higgs EFT could describe all the Higgs scenarios considered, while SMEFT is only suitable to describe NP models with decoupling behavior, such as the elementary Higgs scenario, and the Nambu-Goldstone Higgs scenario with negligible Higgs non-linearity.
Higgs EFT: Higgs in the Broken Phase
In the broken phase of electroweak symmetry, it is convenient to use the following Higgs EFT Lagrangian [24] [25] [26] [27] [28] [29] [30] to describe the interactions of the top quark, the Higgs boson, and the Goldstone bosons eaten by the massive gauge bosons W ± and Z 1 . Only the U (1) EM symmetry is manifested (or equivalently, the SM gauge symmetry SU (2) L × U (1) Y is non-linearly realized) in the broken phase. Furthermore, the custodial symmetry SU (2) V should be respected when constructing the effective Lagrangian and the Higgs boson h is taken as a custodial singlet in this framework. With the nonlinearly-realized symmetry SU (2) L × SU (2) R /SU (2) V , the leading Higgs EFT Lagrangian, in the limit of turning off gauge couplings, is [24] [25] [26] [27] [28] [29] [30] 
where V (h) is the Higgs potential, U is the Goldstone matrix of SU (2) L × SU (2) R /SU (2) V U = e iw a τ a v .
(2.2)
Here v = 246 GeV denotes the electroweak scale, τ a are the Pauli matrices (a = 1, 2, 3), and w a are the Goldstone bosons eaten by W ± , Z. In general, the coefficients a, b, c 1 , c 2 are independent unknown coefficients. The SM corresponds to a = b = c 1 = 1 and other couplings equal to zero. Note that the standard model gauge symmetry SU (2) L × U (1) Y is the subgroup of SU (2) L × SU (2) R . After turning on the gauge coupling, one needs to replace the usual derivative with the gauge covariant derivative in the above equation as ∂ µ → D µ , and the result in the unitary gauge can be easily obtained by setting U → 1. For convenience, we will work with the above effective Lagrangian with the gauge coupling being turned off.
To be specific, the general Higgs potential is denoted as
and accordingly the Goldstone matrix U can be parametrized as
where d 3,4 are independent Higgs self-couplings with the SM limit d 3 = d 4 = 1. It is easy to see that the normalization of the Goldstone matrix satisfies the condition U † U = 1, thus the above parametrization for the Goldstone bosons is equivalent to the exponential one. With this parameterization, the derivative-coupled interactions of the Goldstone bosons take a relative simple form as 5) which would give rise to the usual kinetic terms for w a and their derivative-coupled interactions with the Higgs boson h. In this work, we neglect the effects of heavy particles contributing to the contact interactions between gluons and the Higgs boson, h n Gâ µν Gâ µν , as these effective couplings vanish when the heavy particles decouple. For simplicity, we assume these particles are heavy enough and thus the h n Gâ µν Gâ µν interactions can be safely negligible.
SM EFT: Higgs in the Unbroken Phase
Depending on nature of the Higgs boson, SMEFT could be a good general framework to parametrize the Higgs couplings. In the scenarios of Coleman-Weinberg Higgs and Tadpoleinduced Higgs, the SMEFT cannot be utilized because of the non-decoupling behavior of new particles. On the other hand, the elementary Higgs and Nambu-Goldstone Higgs scenarios could be well described in the SMEFT framework, because of the decoupling feature of these new physics models. In the following, we present the SMEFT framework and provide the corespondence between the SMEFT and the Higgs EFT defined above. From a bottom-up perspective, one can alternatively use higher dimensional operators of SMEFT to described new physics, if the new physics scale Λ is much higher than the electroweak scale. The SM gauge symmetry SU (2) L × U (1) Y is manifested (or linearlyrealized) in this case. Neglecting lepton-number violating operator at the dimension D = 5 (irrelevant to our study), the leading effective operators arise from dimension D = 6. The non-redundant set of D = 6 operators was laid out in Ref. [21] , i.e. the Warsaw basis. There are totally 53 CP-even and 6 CP-odd effective operators at the D = 6 level. In this paper, we will focus on the CP-conserving case. By employing equations of motion, we can translate the D = 6 operators in Warsaw basis to the ones in the so-called strongly-interacting light Higgs (SILH) basis [22] ; see the Rosetta package [31] for translating between different bases. The main difference between these two bases resides in the operators involving fermionic currents (in Warsaw basis) and the ones involving pure bosonic fields (in SILH basis); as [32] .
Regarding the processes of multi-Higgs production via gluon fusion, we list the following relevant D = 6 operators as
where λ and y t are, respectively, the SM quartic Higgs coupling and the top Yukawa, α s = g 2 s /4π and α = e 2 /4π, c i (i = H, 6, t, g, γ) are unknown Wilson coefficients. It is worth pointing out there is another operator
that violates custodial symmetry at tree level, thus we neglect it in the following discussion. Further complication introduced by the flavor structure of the D = 6 Yukawa term will not be explored in this paper.
Relating SM EFT to Higgs EFT
Since the Higgs EFT does not care about the EWSB mechanism, it is more general description than the SM EFT. So we could identify the SM EFT Wilson coefficients with the Higgs EFT coefficients.
With appropriate field redefinition taken into account [33] , we can match the HiggsGoldstone couplings, Higgs-top couplings, and Higgs self couplings defined in Eqs. (2.1) and (2.3) to the Wilson coefficients in Eq. (2.6), as
8)
10)
11)
12)
As we will see later, different Higgs couplings are usually correlated in the framework of specific models, and Higgs-Goldstone couplings are relevant to partial wave unitarity, while Higgs-top couplings and Higgs self couplings can be learnt from multi-Higgs production. With the purpose of probing the Higgs nature, we assume c g and c γ vanish in this paper for simplicity, although in general these two effective operators can be induced by heavy particles with nontrivial color or electric charges circulating in loops.
Various Higgs Scenarios
Contrary to the model independent discussions in the last section, we explicitly derive the Higgs effective couplings in some specific NP scenarios, i.e., the elementary Higgs, NambuGoldstone Higgs, Coleman-Weinberg Higgs, and Tadpole-induced Higgs. In order to identify the Higgs boson nature through Higgs self interactions, we will derive the cubic and quartic Higgs couplings for each scenario. Since different Higgs couplings are usually correlated for specific models in which the Higgs boson can have different nature, we will also present the relevant hV V (V = W ± , Z) and the htt and hhtt couplings if it is necessary.
Elementary Higgs Boson
For the case that the Higgs boson is an elementary scalar, we take the Ginzburg-Landau potential as the benchmark for the SM, and we implement the dimension-six operator (H † H) 3 in the potential to effectively describe the new physics contributions as shown in SMEFT. In scalar extensions, the singlet extension, the two Higgs doublet model, the real and complex triplets and quadruplet models [9, 34, 35 ] can all induce the (H † H) 3 operator, which has been classified in Ref. [9] based on group theory construction. Similarly, integrating out new heavy fermions and gauge bosons at one-loop level could also induce the (H † H) 3 operator.
To be specific, the Ginzburg-Landau potential supplied by the contribution from the dimension-six operator (H † H) 3 is 2Λ 2 ), and the electroweak scale v is obtained by solving
In the SMEFT description, the Higgs trilinear and quartic couplings are
3)
Here c H , cf. Eq. (2.6), modifies the kinetic term of the Higgs field, which universally shift the Higgs couplings to electroweak gauge bosons. Thus the O H operator is highly constrained. In some cases, the O t operator is also generated from UV model, such as in the two Higgs doublet model case. It is constrained by the Higgs coupling measurements and the tth measurements. For the purpose of probing the Higgs-self couplings, we assume that the operator (H † H) 3 makes the most significant NP contribution and the other operators can be safely neglected.
Nambu-Goldstone Higgs Boson
The Higgs boson can be a pseudo Nambu-Goldstone boson [10, 11] arising from strong dynamics at the TeV scale. The pseudo Nambu-Goldstone Higgs corresponds to one of the broken generators for some spontaneously broken global symmetry G/H, based on which all the operators, consistent with Higgs nonlinearity, can be systematically constructed [36, 37] .
With its PNG nature, the general Higgs potential is approximately
with higher terms being neglected, where A and B are the two coefficients whose values are determined by the specific dynamics responsible for generating the Higgs potential, and f denotes the decay constant. By naive dimensional analysis, the NP scale is expected to be at around 4πf . With the above notation, the coefficients A and B are positive. One can furthermore define a ratio between the electroweak scale and the scale f to denote the Higgs nonlinearity in this case. To be specific, the minimization condition of the Higgs potential
By expanding the Higgs potential in powers of h after EWSB, we have
Thus the Higgs mass is given by 8) and the trilinear and quartic Higgs couplings are respectively 10) where the ratio of d 3 and d 4 is obviously not one and depends on the parameter ξ. Due to the Higgs nonlinear effects associated with its nature as a PNG, the Higgs couplings in the top sector, the htt, hhtt, hhhtt couplings, and the Higgs couplings with electroweak gauge bosons can deviate from the SM values. Regarding the Higgs couplings in the top sector, the htt and hhtt, hhhtt couplings depend on the representation in which the top quark is embedded. As two benchmarks, we consider the minimal composite Higgs model (MCH or MCHM) [44, 45] where both the left-handed t L and the right-handed t R are embedded in the fundamental representation 5 of the global SO(5) symmetry, and the composite twin Higgs model (CTH or CTHM) [46] [47] [48] where the left-handed t L is embedded in the fundamental representation 8 while the right-handed t R is a singlet of the global SO(8) symmetry. The concrete results for the Higgs couplings are systematically derived in Ref. [23] and collected in Table 1 .
Coleman-Weinberg Higgs Boson
Another theoretical attractive scenario is the Coleman-Weinberg Higgs, where the Higgs potential at the classical level is assumed to be scale invariant, i.e. only the quartic Higgs term 2 It is nontrivial to realize a small ξ (less than about 0.1) required by precision measurements of Higgs couplings and electroweak precision data. See, e.g., Ref. [38] [39] [40] [41] for recent attempts to achieve this goal. It is also found experimentally challenging to extract out small ξ values from observing Higgs coupling deviations at the LHC [42] . Note that the parameter ξ is positive for compact cosets, while it is negative for non-compact cosets [43] . In this work, we only focus on compact cosets, as EWSB is hard to be triggered in models based on non-compact cosets.
is present at tree level [15] [16] [17] . However, with quantum corrections, the Higgs mass term is usually generated at the one loop level through the Coleman-Weinberg mechanism [15] . To be specific, the Higgs self couplings are essentially determined by the β-function of the quartic Higgs coupling λ, and the electroweak scale v = 246 GeV is generated at quantum level [17] . The β-function of the quartic Higgs coupling β λ is positive-definite, and accordingly the running quartic at the EW scale λ(v) is negative [17] , which corresponds to the minimum of the Higgs potential.
The general Coleman-Weinberg Higgs h has the following potential 11) where the coefficients are
Here, the masses m i 3 denote the masses of the particles circulating in the loop, which are defined in the vacuum background, n i denotes internal degrees of freedom, and c i is the renormalization-scheme dependent constant 4 . Here the parameter B is directly related to the β-function of the quartic Higgs coupling β λ . The minimization condition 13) which causes relation between A and B. At this minimum, the running quartic at the EW scale λ(v) is negative. Since the VEV is determined from dimensionless parameters, this is one specific realization of the dimensional transmutation mechanism. After expanding the above Higgs potential in powers of h after EWSB, we have
Here, all the Higgs self couplings are related to the parameter B (or equivallently β λ ). Note that higher order terms, such as h 5 , are neglected here. Therefore, the Higgs mass is
and the trilinear and quartic Higgs couplings are, respectively,
3 The specific form of the particles running in the loop is irrelevant at the one-loop order in the Higgs potential. 4 For example, in the MS scheme, ci = 5 6 for gauge bosons while ci = 3 2 for scalars and fermions.
We note that the the trilinear and quartic Higgs couplings are fixed at the one-loop order, small corrections to the above relations of d 3 and d 4 would appear only at the two-loop or higher orders [17, 49, 50] .
Tadpole-Induced Higgs Boson
Another interesting scenario is the Tadpole-induced Higgs, namely the electroweak symmetry is spontaneously broken because of the existence of Higgs tadpole term. As a result, the Higgs self-couplings, both the Higgs trilinear and quartic couplings, can be largely suppressed with respect to the SM prediction. In such models, additional source of electroweak symmetry breaking other than the SM Higgs mechanism is needed. Specific realization of this class of model includes, e.g., bosonic technicolor model [18, 51] . In the typical technicolor models [52, 53] , only the condensate of technifermions Q i Q j ∼ Λ 3 tech triggers EWSB, and thus it predicts no Higgs boson. However, this has been ruled out due to the discovery of the Higgs boson at the LHC. On the other hand, in the bosonic technicolor model, an elementary Higgs boson is also there to trigger EWSB with VEV v H :
where f ≡ Λ tech . As both scalars can contribute the W ± and Z boson masses, the scale f should be suppressed with respect to the electroweak scale v EW , such that the hV V (V = W ± , Z) couplings can be close to the SM predictions. This renders the scales v EW v H f . In low energy, the bosonic technicolor condensate could be parametrized as another effective scalar doublet field with the same quantum numbers of the Higgs doublet. For convenience, let us name this another doublet Σ as the auxiliary doublet, and the Σ field is interpreted as the condensate of technifermions Σ ∼ Q i Q j /Λ 2 tech . The simplified Lagrangian [19, 54] for Tadpole-induced Higgs scenario is
where
Note that the mass term of the Higgs doublet H is positive, such that EWSB is not triggered by the m 2 H H † H term as the SM. To have Tadpole-induced mechanism dominant, the quartic λ H (H † H) 2 should be sub-dominant (thus negligible) in the above Higgs potential. The vacuum structure is then parametrized as
where the VEV f is obtained by the sector with auxiliary doublet alone, and v H is obtained by the competition of the m 2 H H † H term and the mixing term between the two scalar sectors. Such that 
In the above equation, all the terms of the self couplings of h are suppressed if m Σ is sufficiently heavy, which in turn requires the self couplings of the auxiliary scalar field to be strong enough. For the physical Higgs field, one can perform a shift h → h+v H after EWSB to remove the tadpole. In case when the term λ H (H † H) 2 is present in the Higgs potential V (H, Σ), Higgs self couplings can in general deviate from the prediction d 3 d 4 0. In this work, we simply assume that the quartic λ H (H † H) 2 vanishes, cf. Eq. (3.20).
Summary on Higgs Couplings
We collect all the relevant Higgs couplings in Table 1 for different NP scenarios, including the elementary Higgs (both the SM and SMEFT with the operator O 6 ), Nambu-Goldstone Higgs (MCH and CTH models), Coleman-Weinberg Higgs and Tadpole-induced Higgs. As we will see, these couplings are important for deriving theoretical constraints, including the partial wave unitarity and tree-level vacuum stability, and phenomenology study of the double-Higgs production gg → hh and triple-Higgs production gg → hhh at the LHC and future hadron colliders.
Below, we detail the specific assumptions made in each class of NP models for deriving the Higgs couplings listed in table 1. [17] , and SM Higgs doublet with two additional singlets [49] .
• For the SMEFT scenario, we only include the O 6 operator, for simplicity, since almost all the other operators are (and will be further) constrained by precision Higgs coupling measurements.
• For the Nambu-Goldstone Higgs scenario, the deviation of Higgs self couplings only depends on the Higgs nonlinearity parameter ξ. We note that the value of ξ has been constrained by the precision hV V couplings to be around ξ < 0.1. To be concrete, we restrict ourselves in two specific benchmark models, MCH 5+5 and CTH 8+1 . For consistency, we consider deviations for other Higgs couplings caused by Higgs nonlinear effects, but we neglect the contribution of composite states to Higgs couplings, by assuming that all the composite particles are heavy enough. The effects of composite particles in Higgs couplings have been systematically discussed in Ref. [23] .
• at the one-loop order, and their values at the two-loop order [17, 49] are also reported as in table 1.
• For the Tadpole-induced Higgs scenario, we approximate d 3 = d 4 0, as they can be highly suppressed, though their exact values would depend on the self couplings of the auxiliary scalar field. We also simply neglect the mixing between the auxiliary doublet and the Higgs doublet, as it is required by the result of the precision hV V coupling measurement.
Theoretical Constraints on Self-couplings

Tree-level Perturbative Unitarity
In this section, we aim to obtain the unitarity constraints on Higgs couplings defined after EWSB, especially the Higgs trilinear and quartic couplings. We adopt the method of coupled-channel analysis to obtain the optimal bound [55, 56] , and the most restrictive limit would come from the largest eigenvalue of the matrix for all the coupled scattering processes. For constraining the Higgs trilinear and quartic couplings, we therefore consider the electric-neutral channels for the scatterings between the top quark (t), longitudinal W ± and Z, and the Higgs boson at the energy √ s m t , m W , m Z , m h . According to the Goldstone equivalence theorem, the longitudinal W ± and Z are equivalent to the Goldstone bosons (w a ) when √ s → ∞. To be specific, the following coupled 2 → 2 scattering processes at the tree level are considered
where λ 1,2,3,4 = ± denote the helicity of the initial-state and final-state top and anti-top quark, while a = 1, 2, 3 and b = 1, 2, 3 are the flavor indices for the initial and final state Goldstone bosons, respectively. It is worth noticing that the scattering process w a w a → w b w b does not vanish only when a = b.
In the isospin basis, the 2 → 2 matrix element M if ( √ s, cos θ) can be decomposed into partial waves (a j ) as
where P j (cos θ) are the orthogonal Legendre polynomials. Therefore, partial waves are obtained as
which is required to be bounded at tree level as
for satisfying partial wave unitarity. For the coupled channels listed above, the s-wave (j = 0) scattering matrix at high energies,
under the basis of
with the factors
accounting for identical particles in the initial and final states. Note that the states t +t− and t −t+ do not contribute to the s-wave scatterings. Within specific models, we can diagonalize the scattering matrix in Eq. (4.5) numerically.
Elementary Higgs, CW Higgs, Tadpole-induced Higgs in 2 → 2 scatterings: The s-wave unitarity bounds on d 3 and d 4 , obtained from the above 2 → 2 processes, are quite loose if the hV L V L couplings (V = W ± , Z) equal to the SM predictions. This corresponds to the elementary Higgs, Coleman-Weinberg Higgs and Tadpole-induced Higgs. Moreover, many channels would further decouple when the tthh contact interaction vanishes, and in this case we can solve the s-wave unitarity constraints on d 4 analytically. This leads to the result
roughly |d 4 | < 16π. The constraint on d 3 could only be set at finite energy and it is only moderately bounded as |d 3 − 1| < 5 [57] . Alternatively, this bound on d 4 can be translated into the bound on the Wilson coefficient c 6 /Λ 2 for the case of SMEFT, which yields |c 6 | < Nambu-Goldstone Higgs in 2 → 2 scatterings: When hV L V L couplings (V = W ± , Z) deviate from the SM values, the s-wave unitarity bound from 2 → 2 scatterings could be quite stringent 5 . This applies to the case of the Nambu-Goldstone Higgs scenario due to Higgs nonlinearity. The unitarity violating scale is found to be √ s 3 TeV if the nonlinearity parameter is ξ 0.1, which yields d 3 1 − 3 2 ξ 0.85. However, this unitarity bound could possibly be alleviated with appropriate composite resonances in the bosonic sector [58] . In this work, we do not consider them. In Fig. 3 , we recast the unitarity constraints on Higgs self interactions d 3 and d 4 , with ξ varying in the range 0.01 < ξ < 0.15 for the NG Higgs scenario.
CW Higgs and Tadpole-induced Higgs beyond 2 → 2 scatterings: It is interesting to notice that a relatively stronger unitarity bound on the Higgs self-couplings can be obtained from 2 → n (n > 2) processes if the Higgs potential is non-analytical [59, 60] , i.e. it corresponds to a pole in the Higgs potential when H † H → 0. This applies to the scenarios of Coleman-Weinberg Higgs and Tadpole-induced Higgs. The non-analytical Higgs potential would correspond to the non-decoupling behavior, such that the universal unitarity violating scale 4πv ∼ 3 TeV is obtained, regardless of how much d 3 and d 4 deviate from the SM values [59, 60] . Schematically, for the high dimensional operator [60] 
the 2 → n (n > 2) scattering process only matters when λ n is an order-one coefficient (λ n ∼ O(1)), i.e. unitarity requires the energy is bounded roughly as E < (1/λ n ) 1/n [60] . The stringent unitarity bound would come in the large n limit. Physically, λ n ∼ O(1) is only possible in non-decoupling theories, because there is no large scale that is responsible for suppressing this coefficient λ n . On the other hand, one could expect the coefficient λ n is highly suppressed by the cutoff scale in decoupling theories, then the unitarity bound from the 2 → n (n > 2) process is very loose. Thus it is already enough to consider the conventional 2 → 2 scatterings for decoupling theories. Based on the above discussion, we summarize the tree-level partial wave unitarity bound in table 2 for each new physics scenario.
Tree-level Vacuum Stability
Even though the unitarity bound is not very tight for Higgs self couplings, the trilinear Higgs coupling d 3 cannot be arbitrary large if the EW vacuum is required to be the global minimum. Based on the Higgs potential in Eq. (2.3), this requirement is formulated as
When 9(d 3 ) 2 − 8d 4 is positive or zero, the roots of the above equation are explicitly
The unitarity bound mainly results from the deviation of Higgs-Goldstone (eaten by EW gauge bosons in the unitary gauge) couplings. One can explicitly check the eigenvectors after diagonalizing the scattering matrix and find that the w a w a → w b w b (a = b) channel contributes the most to the eigenstate that violates the s-wave unitarity.
scenarios unitarity constraints SMEFT 0 < c 6 < 1584 for Λ = 3 TeV NG Higgs √ s < 4 TeV for ξ = 0.05 CW Higgs √ s < 4πv ∼ 3 TeV Tadpole Higgs √ s < 4πv ∼ 3 TeV Table 2 : Tree-level unitarity constraints from the scatterings of the Higgs boson, the top quark, and longitudinal electroweak gauge bosons. For SMEFT and NG Higgs scenario, the bound is obtained from 2 → 2 scatterings. For CW Higgs and Tadpole-induced Higgs scenarios, the unitarity violating scale is roughly 4πv ∼ 3 TeV due to their non-decoupling nature of the theories [59] . Regardless of the deviation of Higgs self couplings, this value could be estimated from 2 → n (n > 2) scatterings [60] . Note that we require c 6 to be positive, since the Higgs potential should be bounded from below.
In this case, h 1 = 0 corresponds to the EW vacuum, h 3 corresponds to another local minimum of the Higgs potential, while h 2 corresponds to the local maximum. Tree-level vacuum stability requires the EW local minimum to be the global minimum, i.e.
is negative, only one solution h = 0 exists for dV (h)/dh = 0, which corresponds to the only minimum of the Higgs potential. As a result, we obtain the tree-level vacuum stability bound on d 3 and d 4 , as shown in Fig. 4 6 . Consistent with Ref. [59] , the conservative bound of Higgs trilinear coupling is obtained as 0
Certainly this bound on d 3 can be slightly relaxed in case when d 4 is much larger than the SM values. As we see in Fig. 4 , when |∆ 3 | > 2, d 4 is required be more than 10 times of the SM value. For illustration, we also mark several benchmark points for different Higgs scenarios.
Double-Higgs Production: Model Discrimination
In this section, we utilize the double-Higgs production cross section measurements to discriminate different Higgs scenarios, since these scenarios predict quite different trilinear Higgs couplings. At a high energy hadron collider, the gluon-gluon fusion channel is the dominant production mechanism for the double-Higgs boson production. This process has been widely considered in the literature for validating the SM cross section, measuring the Higgs trilinear coupling [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] and the tthh coupling [79] , to discriminate various NP scenarios [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] . It remains to be established that this processes can be seen at 5σ level at the LHC. The ATLAS and CMS Collaborations have been looking for the hh signal in the data collected so far at the LHC and have accordingly set upper limits on its production cross section [1] [2] [3] [4] [5] [6] . Both collaborations have also examined the prospectes of detecting hh signal at the high-luminosity LHC (HL-LHC) and the high-energy LHC (HE-LHC), respectively [7, data), the signal can be measured at significance of 7.1 σ and 11 σ, without systematic uncertainty, in the bbγγ and bbτ τ channels, respectively [8] . A number of the above studies have performed detailed background analysis with optimized cut-based efficiency or with multivariate techniques. In this paper, we do not intent to perform detailed signal-tobackground analysis. Instead, we utilize new-physics cross sections after primary cuts and obtain the double-Higgs production significance in new-physics scenarios, via recasting the SM cross section and backgrounds in the literature. As stated above, we mostly focus on double-Higgs production at the HE-LHC (27 TeV) and the FCC-hh (100 TeV) collider and explore possibility of distinguishing various scenarios and extracting the unknown Higgs couplings, especially trilinear Higgs coupling.
Cross Section and Distributions
With the effective Higgs couplings listed in Table 1 , the total cross section for the doubleHiggs production at hadron colliders can be written as Methodology of the computation is discussed in Refs. [90, 91] . We use leading order CTEQ parton distribution functions, CT14llo [92] , and renormalization/factorization scale as √ŝ . Numerical value for each form factor is listed in Table 3 at the 14, 27, and 100 TeV Proton-Proton colliders, respectively. To suppress the large QCD background, one needs to apply a large cut on the transverse momentum (p T ) of the Higgs boson, as discussed in the next paragraph. Therefore, the table also includes the cross sections with cut p h T > 70 GeV. No further detailed kinematic cuts are considered here, as we are not doing detailed signal-to-background study. These results are from leading order diagrams. The next-toleading order (NLO) QCD corrections are large and can increase the cross section by about a factor of 1.7 [93] . Our numerical results in this section do not include this factor. As we see from Table 3 , there is some interesting interference pattern between different classes of diagrams. This pattern can help us to understand the dependence of cross sections and distributions on various couplings. This will be discussed in more detail in the next section.
At the 27 TeV collider, for no cut the cross sections for Tadpole In Fig. 6 , for illustration, we display the ratio of the new-physics to the SM cross sections in various Higgs potential scenarios at the 14 TeV LHC and the 27 TeV HE-LHC, respectively. In Fig. 7 , this ratio is plotted in a 2-d plot as a function of c 2 and d 3 couplings. In this figure, the ratios for the SM Higgs, Coleman-Weinberg Higgs, and Tadpole-induced Higgs scenarios are marked. In the top row of Fig. 6 , we see that the ratio of the cross sections increases for negative values and larger positive values of d 3 . This behavior will be explained below. The bottom row of the figure has the ratio as a function of the parameter ξ in the case of Nambu-Goldstone Higgs scenario. In the case of the CTH model, the cross section ratio slowly increases as ξ increases, and does not change much when the p h T > 70 GeV cut is imposed. The behavior of the cross section ratio in these models can be understood on the basis of interference pattern, as to be explained in the next section.
s In Fig. 8 , we display the normalized hh invariant mass M (hh) and p h T distributions for the 14 TeV LHC and the 27 TeV HE-LHC. These distributions play role in determining suitable kinematic cuts to reduce the backgrounds. The upper row of Fig. 8 shows the normalized M (hh) distribution with a range of values of d 3 . The case of d 3 shows an interesting two-peak structure in the normalized M (hh) distribution, arising from the competition between the triangle and box diagram contributions. We will come back to this discussion in the next section, around Fig. 9 .
Interference Effects
As shown in Fig. 5 , the trilinear Higgs coupling is present only in triangle diagrams. But as the box and triangle diagrams interfere, the trilinear Higgs coupling's contribution to the cross section depends also on the box amplitude, and the interference is destructive. Some of the new Higgs potential scenarios would allow large deviations of the Higgs couplings, and the cross section and distributions will change significantly. Moreover 7 , the NambuGoldstone Higgs scenario also predicts non-zero tthh coupling due to Higgs non-linearity, and there is correlation between the tthh and tth couplings [23] . Because of this new tthh interaction, two new triangle diagrams appear. These diagrams interfere with the triangle diagram containing trilinear Higgs coupling destructively, and with box diagram constructively. This happens as the tthh coupling has a negative sign relative to tth coupling in this scenario, as shown in Table. 1. In the Table 3 , we observe that for the SM couplings, d 3 = 1, the pure box contribution is large, the pure triangle contribution is small, and the interference contribution is large and negative, i.e. destructive. This leads to the small total cross section of pp → hh.
Interference effects without tthh
Let us first consider scenarios without the tthh vertex. As one can see from Eq. (5.1), the pure triangle contribution depends quadratically on d 3 , while the interference term depends linearly on it. However, the pure box contribution does not depend on d 3 . For the negative values of d 3 , the cross section keeps on increasing with more negative values of d 3 , cf. The triangle diagrams contribution and interference (negative) term get scaled by 9 and 3, respectively, when we go to d 3 = 3 from d 3 = 1. However, as "bx" does not depend on d 3 , it remains the same. The peak of the total distribution gets shifted to left with increase in d 3 as the triangle diagram, being a s-channel one, contributes significantly near the threshold of hh production.
To understand the feature found in Fig. 8 , let us examine the contribution from each class of Feynman diagrams and their interference effect to the M (hh) distribution. As shown in Fig. 9 , the triangle diagram mostly contributes near the Higgs pair threshold, while the box diagram mainly contributes to the threshold of the top pair system. As d 3 increases, the contribution on the M (hh) and P h T distributions from the triangle diagram increases and eventually exceeds the box diagram when d 3 becomes very large. As d 3 = 3, both the triangle and box diagrams are sizeable, which, together with their interference effect, result in the two peaks in the M (hh) and P h T distributions, as shown in Fig. 8 . Moreover, as we increase the minimum cut of the p T variable of the Higgs boson, which is to suppress large QCD background further, the relative contribution of the pure triangle diagrams decreases more than the interference and the pure box term, as shown in Table 3 . For the SM, under the p h T > 70 GeV cut on the final state Higgs bosons, the pure triangle contribution decreases by a factor of around 1.7, the magnitude of interference term by 1.4, and the pure box term by 1.2. This explains why, in Fig. 6 , the minimum of the curves, where the pure triangle contribution starts to dominate over interference term, shifts to the right with the increase in p h T cut. For the SM, since the triangle contribution is small, the reduction in the total cross section is not that steep with the increase in the minimum p h T , i.e., the total contribution decreases by a factor of 1.1 only. However, for larger positive d 3 values, the pure triangle contribution cannot be dominated by the negative interference as much as it used to do before applying any cuts. Thus, even though the cross section is large without any cut, imposition of some minimum p h T cut would lead to a larger reduction in the cross section. For instance, for d 3 = 10, the total cross section is 288.9 fb with no p T cut; it reduces to 150.8 fb when a p T > 70 GeV is applied, i.e. a reduction by a factor of 1.9. The cross section for any d 3 , before and after cuts, can easily be obtained from Table 3 .
At the 14 TeV HL-LHC, the double-Higgs production cross section is not large. Thus, in the case of the most promising final state signature 'bbγγ', one can only have few tens of events, which only put very loose constraints on d 3 . Nevertheless, the cross sections at the 27 TeV HE-LHC are about 5 − 6 times larger than that at the HL-LHC. Therefore, even for the rare decay signature of 'bbγγ', one could have significant bound, and d 3 value can be determined within around 20% [8] . At this 27 TeV machine, there is a distinct possibility of distinguishing different Higgs potential models.
Interference effects with tthh
In the MCH and CTH models of Nambu-Goldstone Higgs scenario, in addition to the appearance of new tthh vertex, the existing relevant vertices, such as tth and hhh, also get modified from the SM ones, as shown in Table 1 . In Ref. [23] , a global fit on the MCH and CTH parameters was performed by using the available data from the LHC Run-2 data. The 95% CL limit on ξ is obtained to be ξ < 0.1 for the MCH5 model. In our study, we will vary ξ up to 0.1. Fig. 6 shows the variation of the cross section with the parameter ξ. The rate of increase of the cross section in the MCH model is significantly larger than the CTH model. In both models, trilinear Higgs coupling is the same because of the universal form of the Higgs potential, but the tth and tthh couplings are different due to different fermion embeddings. From Table 3 , we see that in the MCH model, the scaling of (σ b, tthh − σ t, tthh ) is larger by a factor of four than that in the CTH model. The scaling of σ tthh is larger by a factor of 16 than in the MCH model. This term does not contribute much when ξ is as small as 0.01 because of the ξ 2 scaling. It contributes significantly for ξ = 0.1 in the MCH model, while its contribution is still small in the CTH model. This explains the difference in the rate of increase of the cross section in the MCH model and the CTH model. Another feature found in Fig. 6 is that the rate of increase of the cross sections of the MCH and CTH models does not change noticeably with the p h T cut. Finally, in Fig. 10 , we show the importance of the tthh coupling for increasing the cross section as a function of ξ. As the ξ increases, even though the contribution of the SM-like diagrams decreases, the total cross section increases due to the dominance of the tthh contribution, most noticeably in the MCH model.
Model Discrimination and λ 3 Extraction
In this section, we investigate the ability of the 27 TeV HE-LHC and the 100 TeV FCC-hh collider to distinguish various new physics scenarios of Higgs potentials. At the HL-LHC, due to the limited cross section, it is difficult to constrain the trilinear Higgs coupling d 3 .
As the cross section of signal increases significantly at higher energy hadron colliders, the accuracy of measuring the total cross section, and thus the constraint on d 3 , improves significantly. It has been shown in the literature that the double Higgs boson production cross section of the SM, at the 27 TeV HE-LHC with integrated luminosity 15 ab −1 , can be measured with the accuracy of 13.8% at the 1 σ confidence level [74] . This accuracy would be further improved at the 100 TeV hadron collider with integrated luminosity 30 ab −1 . Accordingly, the SM signal for double-Higgs production can be measured with the accuracy of 5% at the 1 σ confidence level [74] . We use this information as the benchmark point and perform scaling to obtain the signal significance in various NP scenarios of Higgs potential. Using the fixed luminosity and recasting the backgrounds from Ref. [74] , the significance is obtained via [94, 95] , where Φ is the cumulative distribution of the standard Gaussian and Erf is the error function. In this case, the Z value is (lower). The SM can be measured with the accuracy of 13.8% (at the 1σ confidence level) and 5% (at the 1σ confidence level), respectively, at the 27 TeV hadron collider and the 100 TeV hadron collider. The accuracy for other models are rescaled accordingly. The blue bars denote the expected accuracy for all the models.
Here, n 0 is the event number n 0 = n b + n s , where n b denotes the background event number and n s denotes the signal event number rescaled in each NP scenarios as
And n 1 = n b + n s , with n s being the signal event number that can be constrained at the 1 σ confidence level, which can be obtained by solving Eq. (5.2) with Z=1 for a given n 0 .
With n s and n s , the relative accuracy for each NP scenario is obtained as |n s − n s |/n s . As expected, larger cross sections lead to smaller relative errors for different new physics models. The results are shown in Fig. 11 . At the 27 and 100 TeV colliders, the information on the total cross sections of double-Higgs production is already sufficient to distinguish new physics scenarios with different Higgs potentials. The following conclusions can be drawn:
• For SMEFT with non-vanishing O 6 ∼ (H † H) 3 operator, the total cross section tends to be smaller than that of the SM. Because of the tree-level vacuum stability constraints discussed in Sec. 4, the Wilson coefficients of the O 6 operator is preferred to be positive, which leads to d 3 to be larger than one and in turn to the smaller cross section as shown in Fig. 6 . It leads to the 1σ relative accuracy being 29.4% at the 27 TeV HE-LHC, and 10.9% at the 100 TeV hadron collider, respectively, for d 3 = 2.
• For Nambu-Goldstone Higgs, the total cross section tends to be larger than the SM prediction because of the presence of the contact tthh coupling. Since the top quark can be embedded in different representations, we show different Nambu-Goldstone Higgs models can also be distinguished. The 1σ relative accuracy at 1σ confidence level is about 10% at the 27 TeV HE-LHC, and about 5% at the 100 TeV hadron collider, respectively, for ξ 0.1.
• The trilinear Higgs coupling in the Coleman-Weinberg Higgs scenario is universally predicted to be d 3 = 5/3. So, similar to SMEFT, models of Coleman-Weinberg Higgs also have smaller cross section with respect to the SM. The 1σ relative accuracy is about 23% at the 27 TeV HE-LHC, and about 4.7% at the 100 TeV hadron collider, respectively.
• The trilinear Higgs coupling in the Tadpole-induced Higgs scenario is highly suppressed. Therefore Tadpole-induced Higgs models can have much larger cross section with respect to the SM, due to very small d 3 . It turns out this scenario could be measured very well at both the 27 TeV HE-LHC (relative accuracy of 7.4% at the 1σ confidence level) and the 100 TeV hadron collider (relative accuracy of 2.7% at the 1σ confidence level), and it can be well discriminated from the SM.
After measuring the total cross section of the double-Higgs production up to certain precision, we would like to extract the information on d 3 for the given experimental precision. In Fig. 12 , assuming the measured accuracy of the double-Higgs production cross section is 10% and 20% respectively, we extract the parameter range for the trilinear Higgs coupling d 3 . We used 3 to denote the scaled d 3 . As shown in Fig. 12 , we find the range are 0. 86 
In Fig. 13 , we show the parameter space of general effective couplings c 2 and d 3 (with fixed c 1 ) that can be constrained by the double-Higgs production at the 27 TeV HE-LHC, assuming the 1σ accuracy is 10% and 20%, respectively. The scaling factors of the trilinear Higgs coupling and the contact tthh coupling are denoted as the ratiod 3 /d 3 andc 2 /c 2 , respectively. Compared to the MCH model, the constrained regions in the CTH model are more steep as the absolute value of c 2 in the assumed CTH model is smaller than that in the assumed MCH model, cf. Table. 1. Hence cross section does not change much with the scaling of c 2 . Overall, we see that the 27 TeV HE-LHC can already set strict bounds on these Higgs couplings.
Triple-Higgs Production: Shape Determination
In this section, we investigate the possibility and sensitivity to measure the quartic Higgs coupling, d 4 , by using the hhh production via gluon fusion, gg → hhh. This process can help in a better understanding of the shape of the Higgs potential.
As discussed in the literature [96] [97] [98] [99] [100] [101] [102] [103] , measuring the quartic Higgs coupling in the three Higgs production channel is not easy even at the 100 TeV hadron collider. This is because the signal of triple-Higgs production pp → hhh is too small as compared to its backgrounds. Even worse, the contribution of the quartic coupling is over-shadowed by other couplings. This is because, the quartic coupling appears in a very diagrams which make very small contribution to the total cross section. The quartic Higgs coupling is only constrained in the ranges of [−20, 30] (at the 2σ CL) by three Higgs production at the 100 TeV hadron collider with 30 fb −1 data [99] . In another approach, there have been attempts to measure trilinear and quartic Higgs couplings indirectly using higher order loop corrections [75, 104, 105] . These indirect searches put quite loose bound on the quartic Higgs coupling at future colliders, such as the double Higgs production at the future linear collider (ILC). A partial list of other related studies is included as Refs. [106] [107] [108] .
To further pin down the quartic Higgs coupling, it is straightforward to utilize the triple-Higgs production channel at the 100 TeV hadron collider with high luminosity run. We calculate the triple-Higgs production cross sections with general parametrization of new physics effects in different scenarios. We consider five scenarios: Independent scaling of SM trilinear and quartic Higgs couplings, the SMEFT models with correlated trilinear and quartic Higgs coupling, the Nambu-Goldstone Higgs, Coleman-Weinberg Higgs and Tadpole-induced Higgs models. We shall first compute and discuss cross sections and distributions in these models, then we estimate how well the quartic Higgs coupling can be measured, assuming other couplings are already determined by other experiments. It is expected that one could determine the tth coupling, trilinear Higgs coupling, and tthh coupling more precisely before measuring the quartic Higgs coupling.
Cross Section and Distributions
As shown in Fig. 14 , there are several basic classes of Feynman diagrams contributing to the process gg → hhh, i.e. the pentagon-class diagrams, box-class diagrams, and triangle class diagrams. In the pentagon-class diagrams, there is no Higgs self-coupling; the main coupling is tth coupling. In the box-class diagrams, trilinear Higgs coupling plays the major role. Only the triangle-class diagrams have dependence on both the trilinear and quartic Higgs couplings. However, only few diagrams depend on the quartic Higgs coupling 8 . Besides, the relative contribution of the triangle-class diagrams is comparatively small. Because of this, the process gg → hhh is only moderately sensitive to quartic Higgs coupling. The cross section could change significantly only with large modification in the quartic Higgs coupling, and in this case, the trilinear Higgs coupling would also deviate from the SM accordingly. Furthermore, as shown in Fig. 15 , several new diagrams would appear if additional tthh and tthhh couplings are non-zero. This scenario is realized explicitly, e.g. in the Nambu-Goldstone Higgs case, because of the Higgs non-linearity. In these scenarios, there is strong connection between the tth coupling with tthh and tthhh couplings. As we will Figure 15 : New diagrams for hhh production in the presence of tthh and tthhh vertices.
see, for the nonlinear parameter of ξ ∼ 0.1, the diagrams with tthh and tthhh couplings make very large contribution, which renders it more complicated to extract out the quartic Higgs coupling.
In the process of pp → hhh, there is strong destructive interference between different classes of diagrams. Interference between pentagon, box, and triangle diagrams plays a crucial role in dictating the cross section and distributions. Before we discuss the interference pattern and the extraction of quartic Higgs coupling, we first obtain the contribution of each class of diagrams to the total cross section. To be specific, the total cross section is where individual contributions of the diagrams are separated, and one can explicitly read off their dependence on Higgs couplings. We carry out the calculation in the way discussed in Refs. [90, 91] . We use FORM [109] to compute the trace of gamma matrices in the amplitude and to write the amplitude in terms of tensor integrals. These tensor integrals are computed using an in-house package, OVReduce [90] , which implements the Oldenborgh-Vermaseren [110] technique of tensor integral reduction. Scalar integrals are computed using the package OneLOop [111] . We use leading order CTEQ parton distribution functions, CT14llo [92] , and the renormalization (and factorization) scale as √ŝ . The numerical value of each individual term of the cross section is calculated and summarized in Table 4 . Here we do not include the higher order QCD correction, which may lead to a K-factor (the ratio of next-to-leading to leading order cross section) of about 2 [112] . Due to the extremely small cross section of this process 9 Based on these numerical values, we display the cross sections in the (d 3 , d 4 ) parameter plane in Fig. 17 and the ξ dependence in Fig. 18 , for different new physics scenarios, with or without including the contact tthh and tthhh couplings. Fig. 17 shows the total cross section σ as a function of the trilinear and quartic Higgs couplings, i.e. d 3 and d 4 . We see there is significant increase in the cross section for zero or negative d 3 . This is because, then the largest negative interference term between box and pentagon diagrams σ SM p,b , either vanishes or becomes positive. There is only marginal increase in the cross section for zero or negative value of d 4 . In this figure, we also mark the SM, the Coleman-Weinberg Higgs scenario, the Tadpole-induced Higgs scenario by blue, cyan, and magenta dots, respectively. The orange line denotes the SMEFT with nonzero O 6 ∼ (H † H) 3 operator under the linear expansion as in Eq. (2.13). The Nambu-Goldstone Higgs scenario is presented in Fig. 18 , where all the Higgs couplings, and so the cross section, depend on the nonlinear parameter ξ. To be concrete, we consider two specific models, i.e. MCH and CTH models, and results are shown in Fig. 18 . Compared to MCH, the cross section of the CTH remains close to the SM prediction (for the case of ξ = 0). To complete the discussion in this section, we present several basic distributions. In Fig. 19 , we show the invariant mass, M (hhh), distribution for various d 3 and d 4 values, and the normalized plots to examine the modification of the shape of the distributions. We observe contrasting behavior near the threshold of triple-Higgs boson production. In the case of d 3 , there is larger increase in the cross section near threshold for its negative and No cut on p T of Higgs bosons has been imposed.
Interference Effects
In this section, we investigate the interference patterns for the process of triple-Higgs production pp → hhh, for better understanding variation of total cross section in different Higgs scenarios.
Interference without tthh or tthhh
Let us first consider the cases without the tthh and tthhh couplings. There are 10 relevant terms, as shown in Eq. (6.1). The first four terms are always positive, and the rest of the six terms are interference terms and can be either positive or negative. It is worth reiterating the fact that the d 4 dependence of the cross section also depends on trilinear Higgs coupling 
Interference with tthh and tthhh
In this subsection, we discuss new physics scenarios in which the tthh and tthhh are nonvanishing, e.g. the Nambu-Goldstone Higgs scenario, and investigate the interference terms involving these couplings in details. In this scenario, all the Higgs couplings are correlated to the parameter ξ due to Higgs non-linearity.
In the Fig. 21 , we show the interference effect of the tthh and tthhh couplings in two specific NG Higgs models, i.e. the MCH and CTH models. As expected, in the case of CTH model, the contribution of these coupling remains to be very small, except at large value of ξ, where it is also not that significant. However, in the case of MCH model, both the tthh and tthhh couplings play important role. At larger value of ξ, the significant increase in the cross section is induced by these couplings. As ξ increases, the contribution (σ SM M od ) of SM-like diagrams decreases due to smaller tth, d 3 , and d 4 couplings, but the contribution of diagrams with tthh and tthhh couplings increase.
In Fig. 22 , the ratios of the cross sections of MCH and CTH models with respect to the SM value is shown, and the ratios are varying with the parameter ξ. The green band shows variation of the ratios due to scaling of the quartic Higgs coupling, denoted byd 4 /d 4 . We see the variation due to quartic Higgs coupling scaling decreases with larger values of the parameter ξ, and the dashed line is for d 4 = 1. 
Shape Determination and λ 4 Extraction
Here we investigate how to measure the quartic Higgs coupling at the 100 TeV hadron collider to validate various new physics scenarios. Similar to studying the double-Higgs production process, we do not perform any detailed collider analysis, but to utilize the scenarios SM SMEFT NG Higgs CW Higgs Tadpole Higgs luminosity (ab −1 ) 1.8 × 10 4 5.1 × 10 5 1.6 × 10 3 7.5 × 10 4 4.1 × 10 3 Table 5 : The integrated luminosity required for the 5 σ discovery of the SM and other new physics scenarios. Here, we take d 3 = 2 and d 4 = 7 for the SMEFT, and ξ = 0.1 for the MCH of NG Higgs scenario. These numbers for required luminosity are obtained without including the NLO QCD K factor which is about a factor of 2 [112] . By including this K factor, we expect the luminosity would be slightly reduced for discovering these NP scenarios.
existing collider simulations as the benchmark point and perform scaling to obtain the signal significance in various scenarios. For the benchmark point, it is already shown in the literature that we need an extremely large luminosity, at the order of 1.8 × 10 4 ab −1 [99] , to discover the process of triple-Higgs production pp → hhh, for the SM, at the 100 TeV hadron collider. This is because of the extremely large background, as compared to the signal. For other scenarios, we also obtain the required luminosity for a 5 σ discovery by rescaling the signal cross section as in Eq. (5.3). The results are summarized in Table 5 . Besides, even larger luminosity is required if this process pp → hhh is to be precisely measured, e.g. with 20% accuracy at the 1 σ confidence level, for the SM. For that, the needed luminosity is around 4.5 × 10 4 ab −1 . The corresponding accuracies for other scenarios are obtained through the same procedure as, in the section 5. The results are shown in Fig. 23 . To be specific, the SMEFT with d 3 = 2 and d 4 = 7 can be measured with the accuracy of 106% at the 1σ confidence level, while 6% (11%) for MCH with the parameter ξ = 0.1 (ξ = 0.05), 14% (17%) for CTH with the parameter ξ = 0.1 (ξ = 0.05), 41% for Coleman-Weinberg Higgs scenario, and 10% for the Tadpole-induced Higgs scenario. Since their uncertainty bars are larger, the discriminating power of the triple-Higgs production is less promising as compared to the double-Higgs production, cf. Fig. 11 . Therefore, with fixed luminosity, it is relatively easier to extract the quartic Higgs coupling in the composite Higgs and the Tadpole-induced Higgs scenarios. More importantly, our goal is to extract out the information on quartic Higgs coupling from triple-Higgs production. In Fig. 24 , we show the cross section variation for the tripleHiggs production as a function of the scaling factord 4 /d 4 , denoted by the dashed line. In these plots, we present the bands for the 10% and 20% accuracies on measuring the pp → hhh cross section in each scenario. We consider the SM (d 3 = 1, d 4 = 1), and take the SMEFT with (d 3 = 2, d 4 = 1) and (d 3 = 2, d 4 = 7), and the Coleman-Weinberg Higgs case with (d 3 = 5/3, d 4 = 11/3), respectively, as the benchmark scenarios. Fig. 24 shows how well the scaling factord 4 /d 4 , and hence the quartic Higgs coupling, can be measured for a given benchmark scenario. In case there are non-vanishing contact tthh and tthhh couplings, e.g., the Nambu-Goldstone Higgs scenario, the situation is slightly different. We focus on the MCH and CTH models with the nonlinear parameter ξ = 0.05 and ξ = 0.1, respectively. Assuming the pp → hhh cross section could be measured with the accuracy of 10% and 20%, we show the corresponding contours in Fig. 25 , herec 3 /c 3 Here, some conclusions are in order. For the SM, the scaling factor is constrained to be within the range of 0.3 <d 4 /d 4 < 1.82 ∪ 10.13 <d 4 /d 4 < 11.66 (0 <d 4 /d 4 < 2.85 ∪ 9.10 <d 4 /d 4 < 12.28), if the accuracy is 10% (20%). For the NP scenarios, we give a brief summary as follows.
• For the SMEFT, we note that the bound on the quartic Higgs coupling will be generally quite loose, unless cross sections can be measured with better than 10% accuracy. However, as shown in Fig. 20 , the bounds on the quartic coupling d 4 could be tight when the trilinear coupling d 3 2 − 3, in which case the hhh production cross section shows sizeable variation as d 4 value changes.
• For the Coleman-Weinberg Higgs, the bound on the quartic Higgs coupling d 4 is relatively tight, as the Higgs trilinear coupling is 5/3.
• For the Nambu-Goldstone Higgs, we see the scaling factorc 3 /c 3 could be constrained to be within the order of 10, butd 4 /d 4 could only be constrained to the order of much larger than 10.
• For the Tadpole-induced Higgs, because the Higgs trilinear coupling d 3 could be highly suppressed, the dependence on the quartic Higgs coupling d 4 is very weak. On top of this, as d 4 is also suppressed in this scenario, only very large scaling factord 4 /d 4 is effective for varying the total cross section. This renders the precision determination of d 4 very difficult in this scenario. nature and parameterize Higgs interactions, depending on whether the SM gauge symmetry is linearly or nonlinearly realized. Thus the SMEFT is defined in the unbroken phase of the electroweak symmetry, while the Higgs EFT is defined in the broken phase. Comparing these two EFT frameworks, only the Higgs EFT can exhibit non-decoupling feature of new physics, this renders the Higgs EFT more general than the SMEFT. Among the new physics scenarios of different Higgs potential, the SMEFT can only describe the elementary Higgs and the Nambu-Goldstone Higgs, but the Higgs EFT can describe all the scenarios, including the Coleman-Weinberg Higgs and the Tadpole-induced Higgs scenarios.
Given the unique patterns of the Higgs self couplings predicted by various new physics scenarios, we investigate the possibility to distinguish different scenarios through the process of double-Higgs production pp → hh at the 27 TeV HE-LHC and the 100 TeV pp collider. We have studied in detail the total cross sections and various differential distributions, including the effect from distinct interference patterns, in each NP scenario. As a result, the cross section is reduced with respect to the SM one for the elementary Higgs, and the Coleman-Weinberg Higgs cases, while it is enhanced for the Nambu-Goldstone Higgs and Tadpole-induced Higgs cases. With larger cross sections, the corresponding uncertainties are reduced. Thus, one can distinguish different new physics scenarios at the 27 TeV HE-LHC, given the SM is expected to be measured with the accuracy of 14% at the 1σ confidence level. And the discrimination power is further improved at the 100 TeV hadron collider. Besides, we extract out the possible range of the trilinear Higgs couplings for several new physics scenarios, assuming the cross section is measured with 10% and 20% accuracy, respectively. They are shown in Figs. 11, 12 , and 13.
To fully pin down the quartic Higgs coupling, we also need to investigate the tripleHiggs production pp → hhh at future colliders. However, due to extremely small rate of the signal with respect to the backgrounds, one need very large luminosity, with the order of 10 4 ab −1 , cf. Table. 5, even at the 100 TeV hadron collider, to discover this process and precisely measure the quartic coupling. After investigating the interference patterns of the process pp → hhh, we find the dependence of the cross section on the quartic Higgs coupling is moderate because other couplings obscure the extraction of the quartic coupling. Thus, even when the total cross section can be relatively well measured with 10% and 20% accuracy, it is still not easy to measure the quartic Higgs coupling, cf. Figs. 23, 24 , and 25. Therefore, we expect novel method on suppressing backgrounds, such as machine-learning technique, could help reducing the luminosity needed to measure the total cross section. Furthurmore, it is well motivated to think how to improve the efficiency of extracting out the quartic coupling in the triple-Higgs production process. All these efforts are very crucial for a better understanding on the Higgs potential. They are however beyond the scope of this work.
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